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Abstract 

The spherical D2-brane solution is obtained without RR external background. 
The solution is shown to preserve (1/4) supersymmetries. The configurations 
obtained depend on the integration constant Rq. For Rq ^ the shape of the 
solution is a deformed sphere. When, however, Rq = 0, the D2-brane system 
seems to exhibit a brane-anti-brane configuration. 
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After publication of Ref. []J on the description of the D3-brane physics by Born-Infeld 
(BI) theory, much attention was paid to the stability problem of the D-brane. In Ref. [[| the 
stable cylindrical D2-brane was considered in which the electric worldvolume field and the 
non-trivial RR background are involved. In this case the potential allows only one locally 
stable vacuum, and thus the fundamental string becomes a cylindrical D2-brane via quantum 
tunneling. The tunneling process has been examined in more detail and generalized in Ref. 
||. In particular, it was found in Ref. || that the RR background plays an important role 
in deciding the type of the quantum-classical phase transition. 

If one considers a pure magnetic worldvolume field instead of the electric field, the RR 
background allows the DO-particles to expand to the spherical D2-brane in analogy to the 
dielectric effect of Ref. [§J. This dielectric effect has been extended to the tubular case || 
and has also been re-examined from the viewpoint of semiclassical quantum tunneling ||. 

More recently, a new mechanism to obtain a stable tubular D2-brane without RR back- 
ground was observed in Ref. [7[ for the case when both electric and magnetic worldvolume 
fields are turned on. In this case angular momentum is responsible for the stability of the 
tubular D2-brane, and the Bogomol'nyi-Prasad-Sommerfield (BPS) nature of the solution 
indicates that the tubular D2-brane is generated by a 'blowing-up' of the DO-particle-charged 
fundamental string. Since the final tubular D2-brane preserves 1/4 supersymmetries, it has 
been named 'supertube'. 

Subsequently, the supertube solution was found in supergravity theory, and it was found 
that the existence of the upper bound of the angular momentum is related to the global vi- 
olation of causality ||. The supertube solution has also been examined from the viewpoint 
of matrix theory ||, and has been extended to the tubular D2-brane with arbitrary cross 
section in Ref. |10[ and to the brane-anti-brane system in Ref. |[L1||. Furthermore, the super- 



symmetric D3-brane and their dualities have been examined recently in Ref. |12| . Although 
much attention was paid to the supersymmetric tubular case, upon our knowledge no further 
investigation has been devoted to a supersymmetric sphere which has the S 2 topology. 
Here we examine the spherical supersymmetric D2-brane, or so-called 'supersphere' by 



exploring the BI action 

Sbi = ~ J d 3 a^det(g ab + F ab ) (1) 

where g ab is the induced metric on the brane and F ab is the worldvolume field strength. 
Moreover we set T 2 = 1 and 2na' = 1. As target space we choose a flat spacetime with 
spherical coordinates 

ds 2 = -dT 2 + dR 2 + R 2 {d0 2 + sin 2 6d$ 2 ) + ds 2 {E 6 ), (2) 

and define worldvolume coordinates as t, 9, <f), where 

t = T, e = e, </> = $. (3) 

Here we assume that R, which describes the fluctuations of the brane, is generally a function 
of t, 9, and <fi. Then the computation of the induced metric is straightforward. Defining the 
worldvolume field strengths as 

Eg = F t e , Efj, = F t( p , B = Fg^ , (4) 

the BI action ([I]) reduces to 

Sbi = J dtdOdcpCsi (5) 

where 

C B i = -A, = - R 2 {R 2 sin 2 9 + R 2 sin 2 9 + R\ - E 2 sin 2 9 - E%) + B 2 (6) 
-(E^Rg - EgR^) 2 + 2B(E^R e - EgR^R - (i? 4 sin 2 9 + B 2 )R 2 

In Eq.(§) R = d t R and R $ = d^R. 

We now take = E^ = for simplicity. Then C B i m Eq. @ simplifies to 



Cbi = -A s = -^R 2 sin 2 9{R? + R 2 e - E 2 ) + B 2 - (i^sin 2 9 + B 2 )R 2 . (7) 
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Since we assumed the time-dependence of R, R is not merely a parameter, i.e. it is a 
dynamical variable. Varying the BI action Sbi with respect to R, one can determine the 
dynamics of R governed by 

d R{R 4 sm 2 6 + B 2 ) _ dR 2 &m 2 BR e 2R 3 sin 2 0(1 - R 2 ) + Rsin 2 6{R 2 e - E 2 e ) 



dt A, 06 A, A, 



(8) 



The remaing equations of motion derived by varying Sbi with respect to the worldvolume 
gauge fields are 

d d 

^Iie,E = ^n,, M = 0, (9) 
d d 

— \±e,E + TT[H-6,M — 0, 

at o<p 

where 

n M= *^ !| (10) 

n (i-R 2 )B 



A 



s 



In the static limit Eq.(|) reduces to 

d R 2 sin 2 8R e R sin 2 6(2R 2 + R 2 e - E 2 ) 



89 A, A 



s 



and Eq.(BI) becomes 



where 



n, 



(ii) 



^n e , s - ^Uo, M - ^-U e , M - 0, (12) 



A s = \j R 2 sin 2 6(R 2 + R 2 e - E 2 ) + 5 2 , (13) 
R 2 sin 2 



A s ' 
B 

U-6,M — -7—- 

If one considers a static theory from the beginning, the radial equation ([]) is not an equation 
of motion because R is not a dynamical variable. Thus, the solutions of the static theory do 



not need to satisfy it. In the following, however, we will show that our solutions preserving 
1/4 supersymmetries satisfy the radial equation automatically in a special limit. 

From the definition of Hq,e in Eq.([U|), Eg is expressed in terms of B and IT^e as follows; 

iy \ Bi + R* S m 2 6(Ri + Rj) 
9 Rsm6\ Ili E + R 2 sin 2 9 ' 1 ' 

Before solving the equations of motion, let us consider the energy of this D2-brane system. 
Performing the Legendre transform and using the Gauss constraint, i.e. dgIlg t E — 0, one 
obtains for the energy 



£ 



BI 



J d6d(j)H (15) 



where 



H = Ug tE E e - Cm = TT-^xA 11 * e + R 2 sin 2 0)[B 2 + i? 2 sin 2 9(R* + R 2 e )}. (16) 

ti sin a 

Now, we have to find the configurations R(6), Eg(6), and B(6,<p) which minimize the 
energy (|I~5"1). In order to find these configurations, we have to rely on the equations of motion. 
In fact, however, Eq . (|i~2D does not completely fix the minimal configurations. For example, 
the equations of motion for Hg t M in Eq.(0) can be solved by choosing E 2 = R 2 + R 2 e or 



by choosing differently B = bR sin 9 J R 2 + R 2 e — E^ where b is a constant. Each choice 
yields different solutions. This means we need another constraint which makes it possible to 
fix the minimal configurations. We believe this additional constraint is obtained from the 
sup er symmet ric argument . 

The number of supersymmetries preserved by any D2-brane configuration is the number 
of independent Killing spinors e satisfying 

Te = e (17) 

where T is a matrix defining the K-symmetry transformation on the worldvolume of the 
D2-brane and is given in our case as 

T = A7 1 ( 7 ^ + E el ^ + B lt T k ). (18) 



In Eg. fll8|) 1^ is a constant matrix with unit square which anticommutes with all ten space- 
time Dirac matrices T x and (7^70, 7^) are the induced worldvolume Dirac matrices com- 
puted from Tx as follows; 

it = r T , (19) 
7e = i?r e + i^r^, 

7^ = .Rsinflr,!, + -R^rv 



Defining the Killing spinor e in Eq . (|T7|) as 

e = M + e , M± = exp (±^T R ^j (20) 

where eo is a 32-component constant spinor, the Killing equation ( PD is decomposed into 

m + sin #r Ti?$ + i? eJ R r T + 5r T r h - A s ] e + (21) 

M_7^( J Rr T r^ + E e )e = 0, 

which yields two criteria 

(RT T T^ + E e )e = 0, (22) 
(RRg sm9T Tm + BT T T{)eo = A s e 

for the preservation of supersymmetry. 

Comparing with the supertube case of Ref. [[/J, one can conjecture from the first of Eqs. 
([22|) that Eg = ±R, and eo satisfies 

r T ry = -sgn(E e )e . (23) 

Since E 2 = Eg/R 2 + E^/R 2 sin 2 9 in spherical coordinates, the supersymmetry preserving 
condition Eg = ±R yields E 2 — 1, which is a usual BPS condition 0. 
Using Eg = ±R the second of Eqs. ( ^2|) becomes 



(iLRtf sin er TK4 + BT T T^e = yR 2 Rg sin 2 9 + E 2 e Q . (24) 



Letting 

B = bRR e sin9 (25) 
where b is some constant parameter, Eq.(E3) reduces to 



(T Tm + bT T T^)e = Vl + ¥e . (26) 

Since the two conditions ( p3|) and (|2~6"D are compatible with each other, the configurations 
satisfying ( ^5|) and Eg = ±R imply a spherical D2-brane which preserves 1/4 supersymme- 
tries. Thus, the remaining problem we should clarify is to check whether the supersymmetric 
criteria (p5|) and Eg = ±R are consistent with the equations of motion or not. 

To check the consistency we first note that the supersymmetric criteria reduce A s to 



\/T+ b 2 B/b, which automatically solves dgIlg t M = d^IL^M = 0. The remaining equation 
dgllg^E = is consistent with the supersymmetric criteria if and only if 

R 2 sm6 = E R e , (27) 

where E is another constant parameter. Eq.(|2"7|) has a solution 

R = \R + cos9\ (28) 

where i?o is an integration contant. The absolute value in the denominator of Eq . fl28D is 
introduced to prevent R from being negative. Thus, it is not necessary if we choose Rq > 1. 
One can show that the solution (p8|) with the supersymmetric criteria is also consistent with 



the relation ([14]). 

Fig. 1 shows the spherical D2-brane obtained from Eq. (|28|) when R = 1.5. Since 
Fig. 1 is apparantly different from tube, our solution represents the 'supersphere'. It is 
worthwhile noting that the supersymmetric criteria transform the radial equation (|Tl~| ) into 
Rg = RtanO. Thus the solution ( |28| ) with Rq = also solves this radial equation as stressed 
before. Fig. 2 is a spherical plot of solution ( |2^ ) with _R = 0. Fig. 2 seems to describe the 
brane-anti-brane system in the spherical coordinate. 



This conjecture gets more support if one computes the energy density for our solution. 
It is straightforward to show that the solution with the supersymmetric criteria implies 
that the energy density (|i6|) has the following form 



H = T 2 (miojs + y/1 ^ h2 {2not')B\ (29) 

where R in front of ilg ^ appears to represent the string length in the spherical coordinate 
as shown in the following. In Eq.(]29[) we have introduced T2 and 2 r na l explicitly to show 
that the energy of the D2-brane is 

H = J d6d<pH = nT f J RdO + mT ^ * ^ (30) 

where Tf and T are F-string tension and DO-brane tension respectively, and the charges m 
and n are introduced by usual quantization conditions He t E — n 9 an d / Bd6d(p = 2nm. Of 
course, / RdO in Eq.(^) is a length of F-string. When we take b — > 00 limit in Eq. (|3~0"D , H 
becomes simply the sum of string and DO-brane energies like the supertube case in Ref. [0 . 
This result can be also conjectured from Eq.(^). If we take a b — > 00 limit in this equation, 
Eq.(^Bj) becomes T T T^eo = e , which is same with that of the supertube case. 

Apart from the factor of R the expression TC in fl2"P| ) is exactly the same as the energy den- 
sity for the super-D2-brane-anti-D2-brane tube in Ref. JlTJ . This supports our interpretation 
of Fig. 2 as a brane-anti-brane pair. 

Finally one can compute the worldvolume field strength using our solution which reduces 

to 

E 

" dt A dR + bR sin QdR A d(f). (31) 



.Rsin^ 

Since R sin 9 is a radial distance in the cylindrical coordinate, Eq.(|3TD expresses the Coulomb- 
like electric field and the uniform magnetic field on the brane. 

In the above we have examined the spherical D2-brane which preserves 1/4 supersym- 
metries. The shape of the D2-brane we obtained depends on the integration constant Rq 
For Rq 7^ the shape of the D2-brane is a deformed sphere which we name 'supersphere' 
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However, when R = 0, the final D2-brane has a completely different topology, which we 
interpret as a brane-anti-brane system. It seems to be interesting to examine the corre- 
sponding solutions in the context of supergravity theory and the matrix theory. 

Acknowledgement: This work was supported by the Kyungnam University Research 
Fund, 2002. 
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Figure Captions 



Figure 1 

The spherical D2-brane which preserves 1/4 supersymmetries. This figure is obtained as 
a spherical plot with R = 1.5 using Eq . (|28|) . 

Figure 2 

The brane-anti-brane system derived from the limit of the supersphere. This figure is 
obtained by a spherical plot with Rq = using Eq. (|28|) . 
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